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In the 2-D MHD turbulence there arise large coherent
magnetic structures.1) The formation of these coherent
structures is interpreted as the self-organization due to
the selective decay and the dynamic alignment1); it is
related to the inverse cascade and understood as the co-
alescence of small magnetic eddies due to the high eddy
viscosity (turbulent diffusivity) in recent papers.2)3) In
the 2-D non-MHD turbulence the coherent vortical struc-
tures are known to form.4) In this case, since there is only
one nonlinear term, v · ∇v, this convection term should
be responsible for the formation of coherent structures.
In the 2-D MHD turbulence, however, since we have sev-
eral nonlinear terms in the equations of motion, it is not
clear which term contributes to the formation of coher-
ent structures. Our previous numerical results5) have
suggested that the magnetic stretching term conveys the
energy from small scale to large scale, which implies that
this term is responsible for the formation of coherent
structures.
In order to elucidate which term contributes to the
formation of large coherent magnetic structures, we in-
vestigate the roles of nonlinear terms in the MHD equa-
tions by estimating the eddy viscosity with the eddy
damped quasi-normal Markovian (EDQNM) approxima-
tion.6) The eddy viscosity represents the effect of the
small-scale turbulence on the large-scale velocity and
magnetic fields and its sign implies the direction of the
energy cascade. It will be shown that the sign of the eddy
viscosity due to the magnetic stretching term, B ·∇v, is
negative and thus this term contributes to the formation
of the large coherent magnetic structures.
We consider the homogeneous isotropic turbu-
lence of incompressible conducting fluid. The non-
dimensionalized equations for an MHD flow are written
as
∂v
∂t
+ v · ∇v = −∇pt +B · ∇B + ν∆v, (0.1)
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∂B
∂t
+ v · ∇B = B · ∇v + η∆B, (0.2)
∇ · v = 0, ∇ ·B = 0, (0.3)
where v, B and pt denote the velocity field, the mag-
netic field and the total pressure, respectively, and ν and
η denote the kinematic viscosity and the magnetic dif-
fusivity. We call the nonlinear terms v · ∇v, B · ∇B,
v ·∇B andB ·∇v as hydrodynamic convection, magnetic
tension, magnetic convection and magnetic stretching,
respectively. Note that the hydrodynamic convection
conserves the kinetic energy and the magnetic convec-
tion conserves the magnetic energy, while the magnetic
tension and the magnetic stretching convey the energy
between the kinetic and magnetic energies.
We apply the EDQNM approximation for two-
dimensional case in the absence of cross helicity. Then
the evolution equations of kinetic energy spectrum
EV (k) and magnetic energy spectrum EM (k) are cal-
culated to be{
∂
∂t
+ 2νk2
}
EV (k) =
2
pi
∫
∆
θkpq {Tvv(k, p, q) + TBB(k, p, q)} dpdq,(0.4)
{
∂
∂t
+ 2ηk2
}
EM (k) =
2
pi
∫
∆
θkpq {TvB(k, p, q) + TBv(k, p, q)} dpdq,(0.5)
where
Tvv(k, p, q) =
sinα
k2pq
(k2 − p2)(p2 − q2)
×{kEV (p)EV (q)− pEV (q)EV (k)} ,
TBB(k, p, q) =
p sinα
k2q
(q2 − p2)
×{pEM (k)EM (q) − kEM (p)EM (q)} ,
TvB(k, p, q) =
1
q sinα
{
k3
p
(y2 + xyz)EV (p)EM (q)
+[q2(xyz + x2y2)− k2(xyz + y2z2)]EM (k)EM (q)
−p2(z2 + xyz)EV (q)EM (k)
}
,
TBv(k, p, q) =
1
q sinα
{
k3
p
(z2 + xyz)EV (p)EM (q)
+p2(xyz + 2x2z2 − z2)EM (k)EM (q)
−p2(y2 + xyz)EV (q)EM (k)
}
,
are the nonlinear interactions corresponding to the terms
of hydrodynamic convection, magnetic tension, magnetic
convection and magnetic stretching in eqs. (0.1) and
(0.2), and θkpq is the triad-relaxation time, which de-
pends on time and involves the eddy dumping rate for
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EDQNM approximation7) or is equated to be constant
for Markovian random coupling model10) (see refs. 7-10
for the details). The integral in the pq plane is taken over
the domain ∆ that k, p and q form a triangle, and x, y
and z denote the cosines of the angles opposite to the
sides k, p and q, respectively, and α is the interior angle
opposite to the side k. We should remark that the non-
linear interaction reduced from the total pressure term
vanishes in the Fourier space and that Tvv + TBB and
TvB + TBv are studied by Pouquet.
7)
We consider the effect of small-scale turbulence on the
large-scale field in terms of the eddy viscosities. The
eddy viscosities are obtained by calculating the contri-
bution of nonlinear interaction with large wavenumbers
p and q > km >> k in the evolution equations (0.4)
and (0.5) of energy spectra EV (k) and EM (k). Then the
rates of the change of the energy spectra by the small-
scale nonlinear interaction can be written as
∂EV (k)
∂t
= −(νvv + νBB + 2ν)k
2EV (k),
∂EM (k)
∂t
= −(νvB + νBv + 2η)k
2EM (k),
where
νvv =
1
4
∫
∞
km
θkpp
∂
∂p
(pEV (p))dp,
νBB =
∫
∞
km
θkpp
{
EM (p)−
1
4
∂(pEM (p))
∂p
}
dp,
νvB =
∫
∞
km
θkpp
{
2EV (p)− EM (p)
−
1
4
∂
∂p
{p(EV (p) + EM (p))}
}
dp,
νBv =
∫
∞
km
θkpp
{
−EM (p)
+
1
4
∂
∂p
{p(EV (p) + EM (p))}
}
dp,
are the eddy viscosities due to the nonlinear interactions
Tvv, TBB, TvB and TBv, respectively. The eddy viscos-
ity of hydrodynamic convection term, νvv, is the same
as the one for non-MHD 2-D turbulence and it is nega-
tive since EV (p) decreases faster than 1/p for large p.
5)
This implies the inverse cascade by this term.7) The vis-
cosity νBB, which is due to the magnetic tension term,
represents the effect of small-scale magnetic field on the
large-scale velocity field, and is positive if EM (p) de-
creases faster than 1/p for large p.7)
We have obtained the two eddy viscosities, νvB and
νBv, which are due to the magnetic convection and
the magnetic stretching term, respectively. Note that
these viscosities are different from those considered in
Pouquet,7) who decomposed νvB + νBv by the type of
acting energy. The eddy viscosity νvB is positive if
2EV (p) − EM (p) > 0 for p > km and total energy,
EV (p) +EM (p), decreases faster than 1/p. These condi-
tions are satisfied in our numerical results for km larger
than the wave number in the middle of inertial range5);
thus the magnetic convection yields the normal cascade.
The eddy viscosity νBv is negative,
νBv < 0,
since the total energy decreases faster than 1/p. There-
fore the magnetic stretching term transports the energy
from the small scale to the large scale to form the large
coherent magnetic structures. It appears to be contra-
dictory that although the total eddy viscosity νvB + νBv
for magnetic energy spectrum, already obtained by Pou-
quet,7) is negative for our numerical results which show
EV (p) − EM (p) < 0 for p > km,
5) the numerical results
exhibit the energy transfer of the magnetic energy to the
small scale.5) This point should be studied further. We
remark here that the inequality EV (p) − EM (p) < 0 for
p > km seems not to be generally true.
11)
Using the EDQNM approximation, we have shown
that the magnetic stretching term is responsible for turn-
ing the small-scale turbulent structures into the large co-
herent magnetic structures in the 2-D MHD turbulence.
This mechanism, first deduced from numerical results for
a single set of parameters, has now a theoretical back-
ground and it is expected to be an important mechanism
in the 2-D MHD turbulence generally. In the process of
fast coalescence of small magnetic eddies, fine structures
of magnetic field may be removed by this term through
the eddy viscosity.5)
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